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Abstract 
 The elliptic variational inequality of the second kind for the flow of a viscous, 
plastic fluid in a pipe is considered. This elliptic variational inequality is related to 
second order partial differential operator. The physical and mathematical 
interpretation and some properties of the solution are proved. 
 
1- Introduction 
 The variational inequality is an important and very useful class of non-linear 
problems arising from mechanics, physics etc. the EVI has two classes, namely EVI 
of the first kind and EVI of the second kind. In this paper we shall study the existence, 
uniqueness and properties of the solutions of EVI of the second kind. 
 
1-1: Notations: 

· V: real Hilbert space with scalar product (. , . ) and associated norm × . 

· V*: The dual space of V. 
· a(. , .): Â®´VV  is a bilinear, continuous and V- elliptic form on VV ´ . 

A bilinear form a(. , .) is said to be V-elliptic if there exists a positive constant  

a  such that ( ) Vv           vvva Î"³ 2, a  . 

In general we do not assume a(.,.) to be symmetric, since in some applications 
non-symmetric bilinear forms may occur naturally [1]. 

· Â®VL :  continuous , linear functional. 
· K : is a closed, convex, non-empty subset of V. 
· ( ) { }¥ÈÂ=Â®Vj :.  is a convex, lower semi- continuous (l.s.c) and proper 
functional. 

(j(.) is proper if j(v)>-¥  "  vÎV and  j¹¥). 
 
1.2: EVI of First Kind 
 To find uÎV such that u is a solution of the problem : 
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1.3: EVI of second kind 
 To find uÎV such that u is a solution of the problem : 
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1.4: Existence and Uniqueness Results for EVI of Second Kind 
1.4.1: A Theorem of Existence and Uniqueness 
 Theorem 1.4.1 [1]: The problem P2 has one and only one solution. 
Proof: 



 

1- Uniqueness 
 Let u1 and u2 be two solutions of (P2). Then we have: 
    ( ) ( ) ( ) ( ) V1u V,v                 uvLujvjuvua ÎÎ"-³-+- 111,1 ……..(1) 

    ( ) ( ) ( ) ( ) V2u V,v                    uvLujvjuvua ÎÎ"-³-+- 222,2 ….(2) 

 Since j(.) is a proper map there exists voÎV such that -¥<j(vo)< ¥. 
 Hence for i=1,2 
 -¥<j(ui)£j(vo)-L(vo-ui)+a(ui,vo-ui)………………………....(3) 

This shows that j(ui) is finite for i=1,2. Hence by substituting u2 for v in (1) 
and u1 for v in (2) and adding we obtain 

( ) 021,21
2

21 £--£- uuuuauua ………………………..(4) 

Hence u1 = u2 

 

2. Existence: 
 For each uÎV and r>0 we associate a problem ( )u

rP  of type (P2) defined as 

below:- 
To find wÎV such that:- 
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 The advantage of considering this problem overt the problem (P2) is that the 
bilinear form associated with ( )u

rP  is the inner product of V which is symmetric. 

Let us first assume that ( )u
rP  has a unique solution for all uÎV and r>0. For 

each r define the map VVf ®:r by ( ) wuf =r  where w is the unique solution of 

( )u
rP . 

We shall show that rf  is a uniformly strict contraction mapping for suitably 

chosen r . 
Let u1, u2 ÎV and ( )iufiw r= , i=1,2. since j(.) is proper we have j(ui) finite 

which can be proved as in (3). Therefore we have  
( ) ( ) ( ) ( ) ( ) ( ) )6,.......(,,, 1211212112121 wwuawwLwwuwjwjwww ---+-³-+- rrrr
( ) ( ) ( ) ( ) ( ) ( ) )7,.......(,,, 2122121221212 wwuawwLwwuwjwjwww ---+-³-+- rrrr  

Adding these inequalities we obtain 

( ) ( ) 2
12

2
21 wwufuf -=- rr  

( )( )( )12,12 wwuuAI ---£ r  

112 w2w uu AI ---£ r ……………………….(8) 

Hence: 

 ( ) ( ) 121 u2u AIufuf --£- rrr  

 It is easy to show that 1<- AI r  when 
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This proves that rf  is uniformly a strict contracting mapping and hence has a 

unique fixed point u. This u turns out to be the solution of (p2) since rf (u)=u 

implies. 
(u, v-u)+rj(v)- rj(u)³(u, v-u)+ rL(v-u)-ra(u, v-u)    "vÎV. 
 
Therefore 
a(u,v-u)+j(v)-j(u) ³L(v-u)           "vÎV ……………………….(9) 
Hence (P2) has a unique solution. 

 
2- An Example of EVI of the second kind 
 The Flow of A viscous, plastic Fluid in A pipe. 
2.1: Notations 
* W : a bounded domain in 2Â . 
* G: W¶ . 
* x={x1, x2} a generic point of W. 
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* ( )WmC : Space of m-times continuously differentiable real valued functions for 

which all the derivative up to order m are continuous in W . 
* ( ) ( ){ WÎ=W mm CvC0 : supp (v) is a compact subset of }W  
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* ( )Wpmw , : completion of ( )WmC  in the norm defined above. 

* ( )Wpmw ,
0 : completion of ( )WmC0  in the obove norm. 

* ( ) ( )W=W 2,mm wH , 

* ( ) ( )W=W 2,
00
mm wH . 

 
2.2: The continuous Problem: Existence and Uniqueness results [2]. 

Let W be a bounded domain of 2Â  with a smooth boundary G. We define 

( )W= 1
0HV  

( ) ò
W

Ñ×Ñ= dx vuvua ,  

( ) *Vf     ,vfvL Î>=< ,  

( ) ò
W

Ñ= dxvvj  

Let m, g be two positive parameters, then  
Theorem 2.2.1: The variational inequality 

( ) ( ) ( ) ( ) Vv              uvLugjvgjuvua Î"-³-+-,m ,  
(10)………..   

 uÎV    



 

has a unique solution. 
 
Proof: 
 In order to apply theorem (1.4.1) , we only have to verify that j(.) is convex, 
proper and l.s.c. 
 It is obvious that j(.) is convex and proper. 
 Let u,v ÎV , then 
 ( ) ( ) ( )

V
vumeasujvj -W£- . , ……………………………(11) 

 hence j(.) is l.s.c. 
 This proves the theorem. 
 
Remarks  
1. If we take g=0 in (10) we recover the variational formulation of the Dirichlet 

problem 
W=D-  in            fum   

u=0                   on G 
2. since a(.,.) is symmetric , the solution u of (10) is characterized as the unique 
solution of the minimization problem 

( ) ( ) Vv                      vJuJ Î"£  
(12)……... 

uÎV 
 

 where ( ) ( ) ( ) ( )vLvgjvvavJ -+= ,
2
m

 

 
2.3: Physical Motivation 
 If ( ) ò

W

= vdxcvL  (for instance c>0), it is proved in [3] that (10) models the 

laminar, stationary flow of a Bingham fluid in a cylindrical pipe of cross-section W, 
u(x) being the velocity at xÎW[4], [5]. The constant c is the linear decay of pressure 
and m, g are respectively. The viscosity and plasticity yield of the fluid. The above 
medium behaves like a viscous fluid (of viscosity m) in ( ){ }0>Ñ=WÎ=W+ xux and 

like a rigid medium in ( ){ }00 =Ñ=WÎ=W xux , [6], [7]. 
 
2.4: Existence of Multipliers 
 Let us define A by: 
 ( ) ( ) ( ){ }a.e.      xqLLqqA 1,: 22 £W´WÎ=  

 ( ) ( ) ( )xqxqxq 2
2

2
1 +=  ,   then we have 

Theorem 2.4.1 
 The solution u of (10) is characterized by the existence of p such that 
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(14)……... pÎA 
 
Proof: 
 We shall prove that (13), (14) imply (10). It follows from (13) that 

 ( ) ( ) ( ) òò
WW

-Ñ+-=-Ñ+- vdxpguvuadxuvpguvua .,., mm  

(15)……... Vv     uvfudxpg Î">-=<Ñ- ò
W
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 It follows from (14) that 
 ò ò

W W

Ñ=Ñ dxuxdxp. ……………………………………(16) 

 and from the definition of A that 
 ò ò ò

W W W

Î"Ñ£Ñ×£Ñ Vv                 dxvdxvpudxp. …………(17) 

 Then from (13), (15)-(17) we obtain that  
 ma(u,v-u)+gj(v)-gj(u)³<f,v-u>           "vÎV, 
 uÎV 
 Thus (13) and (14) implies (10). 
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  الخلاصة
هـذه المتباینـة التغایریـة . تم اعتبار المتباینة التغایریة الناقصیة من النوع الثاني لجریان مائع لـزج فـي انبـوب

وقــد تــم برهنــة التفــسیر الریاضــي و الفیزیــائي وبعــض . الناقــصیة تعــود الــى مــؤثر تفاضــلي جزئــي مــن الرتبــة الثانیــة
 .خواص الحل


